Abstract. A set of necessary conditions and another set of sufficient conditions for the oscillation of all the solutions oḟ
Introduction. Most of the differential equation models of population dynamics have been derived starting from the following simple format:
dx(t) dt = an individual's contribution to population change in unit time x(t), (1.1) where x(t) denotes the density of a population (or biomass) of a single species at time t.
To derive model equations with delays in production and destruction in the following balance equation, assuming there is no immigration or emigration dx(t) dt = birth rate − death rate. (1.2) For instance, if we consider a population of adult flies, then the production or recruitment of adult flies at time t depends on the population of adult at time t − τ, where τ is the time required for the larvae to become adult. If the birth and death rates are governed by density dependent factors, then we have
where the functions a(·) and b(·) denote density dependent production (recruitment) and destruction (elimination or death) rates, respectively. The oscillation theory of delay differential equations has been extensively developed during the past few years. New applications which involve delay differential equations continue to arise with increasing frequency in the modelling of diverse phenomena in physics, biology, ecology, and physiology. We refer, for example, to the recent books [2, 3, 7, 8] and to the references cited therein. Tramov [4] obtained a necessary and sufficient condition for the oscillation of all the solutions of the delay differential equatioṅ The same result was independently discovered and proved by Ladas et al. [5, 6] . Also, Arino and Györi [1] studied equation (1.4) with p i ∈ R and τ i ∈ R + , i = 1, 2,...,n. It was proved that all the solutions are oscillatory if and only if the characteristic equation
has no real roots. Györi and Ladas [3] proved that pτ > 1/e is a necessary and sufficient condition for the oscillation of the solutions oḟ
(1.7)
For the equatioṅ
is necessary condition for the oscillation of the solutions of equation (1.8) while
are sufficient conditions for the oscillation of (1.8a).
In this paper, we extend the last results and study equation (1.4) with both positive and negative coefficients in the forṁ
which is an open problem in [3, pp. 56] . At the end of this paper, we give some examples to illustrate the importance and usefulness of the obtained results. By a solution of equation (1.9) on [t 0 , ∞), where t 0 ≥ 0, we mean a continuous function defined on [t 0 − τ, ∞), where τ = max τ i , i = 1, 2,...,n, which is a differentiable function x on [t 0 , ∞) and satisfies equation (1.9) for all t > t 0 .
As it is customary, a solution is called oscillatory if it has arbitrarily large zeros and otherwise it is called nonoscillatory. 
or, simply,ẋ 
are sufficient conditions for oscillation.
Proof. The characteristic equation of equation (2.2) is
Assume that all the solutions of equation (2.2) are oscillatory. Consequently, the characteristic equation (2.7) has no real roots. As F(∞) = ∞, it follows that 
and, consequently, F (λ) can be written in the form
Then ∀λ ≥ 0, we get
Consequently, F (λ) has no nonnegative real roots and then λ 0 < 0. Using (2.10) and (2.12), we get
Since λ 0 < 0, from equation (2.15), one can write
Using equations (2.15) and (2.16), we obtain
and, consequently,
Thus, the equation
has a negative real root, which is a contradiction with (2.6).
Example 1. Consider the delay differential equation in the forṁ
This equation has a nonoscillatory solution x(t) = e λt , −13.863 < λ < −13.8629 since
Example 2. The delay differential equatioṅ
has an oscillatory solution x(t) = sin t but not all solutions are oscillatory. It is clear that the necessary conditions are not satisfied. In fact, it has a nonoscillatory solution x(t) = e λt , −0.1026 < λ < −0.1025. are oscillatory since all the necessary and sufficient conditions are satisfied.
